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ABSTRACT
Covariance Matrix Adaptation Evolution Strategy (CMA-ES) is

a highly effective optimization technique. A primary challenge

when applying CMA-ES in high dimensionality is sampling from

a multivariate normal distribution with an arbitrary covariance

matrix, which involves its decomposition. The cubic complexity

of this process is the main obstacle to applying CMA-ES in high-

dimensional spaces.

We introduce a version of CMA-ES that uses no covariance

matrix at all. In the proposed matrix-free CMA-ES, an archive stores

the vectors of differences between individuals and the midpoint,

normalized by the step size. New individuals are generated as the

weighted combinations of the vectors from the archive. We prove

that the probability distribution of individuals generated by the

proposed method is identical to that of the standard CMA-ES.

Experimental results show that reducing the archive size to store

only a fixed number of the most recent populations is sufficient,

without compromising optimization efficiency. The matrix-free and

matrix-based CMA-ES achieve comparable results on the quadratic

function when the step-size adaptation is turned off. When coupled

with the step-size adaptation method, the matrix-free CMA-ES con-

verges faster than the matrix-based, and usually yields the results of

a comparable or superior quality, according to the results obtained

for the CEC’2017 benchmark suite.

Presented approach simplifies the algorithm, offers a novel per-

spective on covariance matrix adaptation, and serves as a stepping

stone toward even more efficient methods.
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1 INTRODUCTION
For continuous optimization problems, the CovarianceMatrix Adap-

tation Evolution Strategy (CMA-ES) [6] stands as one of the leading

methods within the stochastic algorithms family. CMA-ES adapts

the covariance matrix of the search distribution, allowing it to

learn and exploit the underlying structure of the objective function.

This capability to navigate complex optimization landscapes has

garnered significant attention across various domains, including

scientific research, engineering and industrial applications.

Each iteration of CMA-ES involves generating new candidate

solutions from a multivariate normal distribution. This distribution

is dynamically updated based on the performance of the generated

solutions. However, sampling from this distribution necessitates

the decomposition of the covariance matrix, resulting in a compu-

tational complexity of O(𝑛3) per iteration, where 𝑛 is the number

of dimensions. This cubic scaling presents a significant bottleneck

when applying CMA-ES to high-dimensional problems involving

thousands of variables. To address this computational challenge,

several approaches have been proposed.

In [13] it was observed that the overall cost of running CMA-

ES can be reduced by decomposing the covariance matrix not in

every but, for example, every tenth iteration. According to the

authors, this modification introduces only a small deterioration

of the overall optimization efficiency. In another approach [10],

the authors propose to change the cumulative step-size adaption

(CSA) mechanism in the CMA-ES and replace the inverse of the

square root of the covariance matrix by the inverse of the triangular

Cholesky factor. Despite these reductions, the matrix operations

used in the CMA-ES algorithms for generating basis vectors or 𝜎

step adaptation, remain expensive.

Another approach to reducing the computational effort is to

simplify the covariance matrix into a form that is more convenient

for processing. In the MVA-ES method [12], the covariance matrix

is defined as the sum of the identity matrix and the outer product of

the cumulative midpoint shift. As a result, the process of generating

difference vectors does not require matrix decomposition. While

the MVA-ES method achieves results comparable to those of CMA-

ES, this is true only when there is a single dominant direction

for the adaptation of distribution parameters. Consequently, MVA-

ES performs well for optimizing unimodal functions with a clear
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direction of steepest descent in the target values. However, for

multimodal functions, the performance of MVA-ES is significantly

worse than that of the baseline CMA-ES.

A similar approach to simplifying the covariance matrix, as in

MVA-ES, is employed in the R1-NES algorithm [14]. In this method,

the covariance matrix is defined as the sum of the identity matrix

and the outer product of a vector that represents the weighted

average of recent gradients of the objective function. Consequently,

the covariance matrix will have at most one eigenvector with a

large eigenvalue. This limitation prevents the proposed procedure

from effectively approximating the actual shape of the objective

function. The study’s results indicate that the R1-NES method is

only effective for specific types of objective function shapes.

An alternative approach to reducing computational effort is to

redefine the method for updating the covariance matrix. TheMA-ES

algorithm [3] eliminates the need for decomposition by approxi-

mating the square root of the covariance matrix, which is required

to generate the population. Instead of accumulating midpoint shift

vectors to update the covariance matrix, the method accumulates

multivariate normal vectors that, after transformation into the

search space, produced the best-fit points. These assumptions allow

the algorithm to bypass matrix factorization without significantly

compromising optimization efficiency. However, the proposed for-

mula for the square root of the covariance matrix requires matrix

multiplication in each generation. By employing the Coppersmith-

Winograd matrix multiplication method, the computational com-

plexity of one iteration of the MA-ES algorithm can be reduced to

O(𝑛2.37).
The LM-MA-ES method [11] is a modification of the MA-ES al-

gorithm designed to further reduce computational effort. Instead of

adapting a matrix that approximates the square root of the covari-

ance matrix for subsequent multiplication by a realization of a unit

normal random variable, the authors propose directly estimating

and adapting the result of this multiplication. This approach re-

duces the computational complexity of the method to O(𝑛 log(𝑛)).
However, since LM-MA-ES approximates the basis vectors pro-

duced by the MA-ES algorithm, the resulting covariance matrix of

the generated points may differ from that of the original CMA-ES

algorithm.

A different approach to simplifying CMA-ES is presented in [1],

where the authors propose an algorithm called the Differential Evo-

lution Strategy. Rather than using Gaussian mutation to generate

new individuals, this method is based on the differential muta-

tion. New individuals are generated by adding difference vectors to

the population midpoint, and each difference vector is a weighted

combination of three elements: the difference vector between two

randomly selected points from a randomly chosen past population,

a cumulative midpoint shift observed in one randomly selected

past generation, and a midpoint shift from a past population. These

three vectors are combined using weights that are random values

drawn from the standard normal distribution. The authors acknowl-

edge that the resulting probability distribution differs from that of

CMA-ES. In contrast, in this work, we propose a method whose

distribution is equivalent to that of CMA-ES.

In most of the approaches mentioned above, the authors focus

on addressing the consequences of aggregating the search history

into a matrix. Rather than mitigating the consequences, it may be

more effective to eliminate the root cause of the problem. To this

end, we propose a solution where no matrix is needed at all.

We utilize an archive of populations to define new points by

combining individuals with cumulated midpoint shift vectors, using

randomly assigned weights for these combinations. The probability

distribution of the generated points in our approach matches that

of CMA-ES, i.e., the resulting distribution is multivariate normal

with the same mean vector and covariance matrix as in the case of

CMA-ES. It is important to emphasize that our motivation was to

develop a method that is compliant with, rather than superior in

terms of convergence, to the matrix-based CMA-ES.

The resulting algorithm cannot be coupled with the Cumulative

Step-Size Adaptation (CSA) rule for adapting the mutation step size.

Therefore, we employ the Previous Population Midpoint Fitness

(PPMF) rule [17] for step-size adaptation. When used alongside the

matrix-based CMA-ES, PPMF has demonstrated competitiveness

with CSA, particularly in optimization problemswith a high number

of dimensions.

The paper is organized as follows. In Section 2, we introduce the

Vanilla CMA-ES method, outlining its core functionality. Section 3

presents the matrix-free CMA-ES (MF-CMA-ES), where we discuss

the modification to CMA-ES that eliminates the need for matrix

decomposition while maintaining the same statistical properties.

Section 4 compares the performance of matrix-based and matrix-

free CMA-ES under conditions where step-size adaptation is not

applied. Section 5 extends the discussion by including step-size

adaptation. Section 6 provides concluding remarks and suggestions

for future work.

2 VANILLA CMA-ES
The starting point for our considerations is the vanilla CMA-ES

method [6] — see Fig. 1. CMA-ES operates by maintaining a multi-

variate normal distribution to sample candidate solutions during the

optimization process. This distribution is parameterized by three

components: the mean vector m(𝑡 ) , the covariance matrix C(𝑡 ) , and
the step-size 𝜎 (𝑡 ) , where 𝑡 represents the iteration index. Initially,

C(1) is set to the identity matrix I, while m(1) and 𝜎 (1) are specified
by the user.

At each iteration, the covariance matrix C(𝑡 ) is decomposed into

its lower triangular form, L(𝑡 ) , such that L(𝑡 ) (L(𝑡 ) )T = C(𝑡 ) . The
recommended approach for decomposing the covariance matrix

is eigendecomposition [6] since it works properly even when the

matrix C(𝑡 ) is ill-conditioned.
Using L(𝑡 ) , the algorithm generates a population of 𝜆 candi-

date solutions by first sampling 𝜆 independent standard normal

vectors z(𝑡 )
𝑖
∼ N(0, I). These vectors are then transformed into

difference vectors d(𝑡 )
𝑖

= L(𝑡 )z(𝑡 )
𝑖

. Finally, the candidate solutions,

or individuals, are computed as x(𝑡 )
𝑖

= m(𝑡 ) + 𝜎 (𝑡 )d(𝑡 )
𝑖

.

Once the population is created, the candidates are sorted based on

their fitness and the best 𝜇 individuals are selected. The difference

vectors d(𝑡 )
𝑖

and normal vectors z(𝑡 )
𝑖

are reordered in compliance

with x(𝑡 )
𝑖

. The difference vectors, which correspond to 𝜇 point

with the best fitness, are weighted and aggregated to update the

parameters of the distribution for the next iteration. Specifically,

the mean vector m(𝑡 ) is adjusted using ∆(𝑡 ) — a weighted sum of
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1: p(1)𝑐 ← 0, C(1) ← I
2: 𝑡 ← 1

3: initialize(m(1) , 𝜎 (1) )
4: while !stop do
5: decompose C(𝑡 ) : (L(𝑡 ) ) (L(𝑡 ) )T = C(𝑡 )

6: for 𝑖 = 1 to 𝜆 do
7: z(𝑡 )

𝑖
∼ N(0, I)

8: d(𝑡 )
𝑖

= L(𝑡 )z(𝑡 )
𝑖

9: x(𝑡 )
𝑖

= m(𝑡 ) + 𝜎 (𝑡 )d(𝑡 )
𝑖

10: end for
11: evaluate (𝑋 (𝑡 ) )
12: sort (𝑋 (𝑡 ) ) according to fitness

13: reorder (𝐷 (𝑡 ) ) and (𝑍 (𝑡 ) ) according to (𝑋 (𝑡 ) )
14: ∆(𝑡 ) ← ∑𝜇

𝑖=1
𝑤𝑖d

(𝑡 )
𝑖

15: m(𝑡+1) ← m(𝑡 ) + 𝜎 (𝑡 )∆(𝑡 )
16: p(𝑡+1)𝑐 ← (1 − 𝑐𝑐 )p(𝑡 )𝑐 +

√︁
𝜇
eff
𝑐𝑐 (2 − 𝑐𝑐 ) · ∆(𝑡 )

17: C(𝑡 )
1

= p(𝑡 )𝑐

(
p(𝑡 )𝑐

)T
18: C(𝑡 )𝜇 =

∑𝜇

𝑖=1
𝑤𝑖d

(𝑡 )
𝑖

(
d(𝑡 )
𝑖

)T
19: C(𝑡+1) ← (1 − 𝑐𝑐𝑜𝑣)C(𝑡 ) + 𝑐1C(𝑡 )

1
+ 𝑐𝜇C(𝑡 )𝜇

20: 𝜎 (𝑡+1) ← update (𝜎 (𝑡 ) )
21: 𝑡 ← 𝑡 + 1
22: end while

Figure 1: Outline of the matrix-based CMA-ES

the top 𝜇 difference vectors, scaled by the step-size 𝜎 (𝑡 ) . Value of
∆(𝑡 ) is accumulated into the so called evolution path vector p(𝑡+1)𝑐 .

Value of 𝜇
eff

is defined as 𝜇
eff

=

(∑𝜇

𝑖=1
(𝑤𝑖 )2

)−1
.

The covariance matrix C(𝑡 ) is updated using a weighted com-

bination of three components: the existing covariance matrix, a

rank-1 update matrix C(𝑡 )
1

derived from the evolution path p(𝑡 )𝑐 ,

and a rank-𝜇 update matrix C(𝑡 )𝜇 formed from the top 𝜇 difference

vectors.

The update rule for C(𝑡 ) is controlled by coefficients 𝑐1, 𝑐𝜇 , and

𝑐𝑐𝑜𝑣 , which satisfy the relations 𝑐𝑐𝑜𝑣 = 𝑐1 +𝑐𝜇 and 0 ≤ 𝑐1, 𝑐𝜇 , 𝑐𝑐𝑜𝑣 ≤
1.

3 MATRIX-FREE CMA-ES (MF-CMA-ES)
According to the formula in Fig. 1, line 19, the covariance matrix

C(𝑡 ) memorizes the history of populations of difference vectors

d(𝑡 )
𝑖

as well as the history of the difference vectors mean ∆(𝑡 ) . The
formula has the form of a recursive expression that implements

the exponential smoothing. Following the idea presented in [1], we

substitute the recursive formula that defines the covariance matrix

with a non-recursive version.

Observation 1. The covariance matrix update rule (Fig. 1, line
19) can be expressed as:

C(𝑡+1) =
𝑡∑︁

𝜏=1

(1 − 𝑐𝑐𝑜𝑣)𝑡−𝜏
(
𝑐1C(𝜏 )

1
+ 𝑐𝜇C(𝜏 )𝜇

)
+ (1 − 𝑐𝑐𝑜𝑣)𝑡 I (1)

where C1 and C𝜇 are defined in Fig. 1, lines 17 and 18, respectively.

Next, we formulate the following theorem.

Theorem 1. Consider the random vector:

𝛿 (𝑡+1) =
𝑡∑︁

𝜏=1

(1 − 𝑐𝑐𝑜𝑣)
𝑡−𝜏
2

©­«𝑐
1

2

𝜇

𝜇∑︁
𝑗=1

𝑤
1

2

𝑗
d(𝜏 )
𝑗
N(0, 1) + 𝑐

1

2

1
p(𝜏 )𝑐 N(0, 1)

ª®¬
+ (1 − 𝑐𝑐𝑜𝑣)

𝑡
2N(0, I) (2)

where d(𝑡 )
𝑗

and p(𝑡 )𝑐 are defined in Fig. 1, lines 8 and 16, respectively.

Vectors d(𝑡 )
𝑗

are ordered according to the fitness of their corresponding

points x(𝑡 )
𝑗

. Symbols N(0, 1) and N(0, I) stand for the mutually
independent standard normal variates in one and in 𝑛 dimensions,
respectively.

Probability distribution of the vector 𝛿 (𝑡+1) is Gaussian with the
covariance matrix equal Σ[𝛿 (𝑡+1) ] = C(𝑡+1) , where C(𝑡+1) is defined
by the CMA-ES algorithm (Fig. 1, line 19).

Sketch of proof: The vector 𝛿 (𝑡+1) is a linear combination of

mutually independent multivariate normal variables, therefore it is

multivariate normal.

Expected values of summands defining 𝛿 (𝑡+1) equal

𝐸

[
d(𝜏 )
𝑗
N(0, 1)

]
= 0 (3)

𝐸

[
p(𝜏 )𝑐 N(0, 1)]

]
= 0 (4)

𝐸

[
(1 − 𝑐𝑐𝑜𝑣)

𝑡
2N(0, I)

]
= 0 (5)

therefore

𝐸

[
𝛿 (𝑡+1)

]
= 0 (6)

Note that for a scalar 𝑎, a vector d, and a standard normal variate

𝑟 ∼ N(0, 1), the mean and covariance matrix of the vector 𝑎𝑟d is

defined as

𝐸 [(𝑎𝑟d)] = 𝐸 [𝑟 ] · 𝐸 [𝑎d] = 0 (7)

Σ[𝑎𝑟d] = 𝐸 [(𝑎𝑟d) (𝑎𝑟d)T] = 𝑎2 (d) (d)T (8)

For a vector d, a standard normal variate 𝑟 ∼ N(0, I), and a stan-

dard normal multivariate v ∼ N(0, 1), it holds upon their mutual

independence

𝐸 [𝑟vT] = 0 (9)

𝐸 [(𝑟d)vT] = 0 (10)

If d1, d2 are vectors and 𝑟1, 𝑟2 ∼ N(0, 1) are independent standard
normal variates then

𝐸 [𝑟1𝑟2] = 0 (11)

𝐸 [(𝑟1d1) (𝑟2d2)T] = 0 (12)

Since the expectation vector is zero, the covariance matrix of the

vector 𝛿𝑡+1 is given by:

Σ[𝛿 (𝑡+1) ] = 𝐸 [𝛿 (𝑡+1) (𝛿 (𝑡+1) )T] (13)

Bearing in mind (8) – (12) we get

Σ[𝛿 (𝑡+1) ] =
𝑡∑︁

𝜏=1

(1 − 𝑐𝑐𝑜𝑣)𝑡−𝜏 ©­«𝑐𝜇
𝜇∑︁
𝑗=1

𝑤 𝑗d
(𝜏 )
𝑗
(d(𝜏 )

𝑗
)T + 𝑐1p(𝜏 )𝑐 (p

(𝜏 )
𝑐 )T

ª®¬
+ (1 − 𝑐𝑐𝑜𝑣)𝑡 I (14)
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Together with Observation 1, this proves Theorem 1. □
Theorem 1 allows for the generation of new difference vectors

without requiring covariance matrix factorization. Instead, new

difference vectors can be defined as a randomized weighted combi-

nation of past difference vectors.

Note that the contribution of difference vectors, which have

been generated 𝜏 iterations before the current one, diminishes by

a factor of (1 − 𝑐𝑐𝑜𝑣)𝜏/2. Consequently, it is sufficient to consider

only the difference vectors from the most recent ℎ populations,

without incurring a significant difference in the resulting covariance

matrix, compared to using all previous difference vectors. Therefore,

formula (2) can be approximated as:

𝛿𝑡
ℎ
≈

𝑡∑︁
𝜏=𝑡−ℎ+1

(1 − 𝑐𝑐𝑜𝑣)
𝑡−𝜏
2

©­«𝑐
1

2

𝜇

𝜇∑︁
𝑗=1

𝑤
1

2

𝑗
d(𝜏 )
𝑗
N(0, 1) + 𝑐

1

2

1
p(𝜏 )𝑐 N(0, 1)

ª®¬
+ (1 − 𝑐𝑐𝑜𝑣)

𝑡
2N(0, I) (15)

The value of ℎ will be referred to as the history window size.
Leveraging this approach, we propose the Matrix-free CMA-ES

(MF-CMA-ES) algorithm (see Figure 2) that adapts the probabil-

ity distribution to generate difference vectors using a Gaussian

multivariate distribution.

1: p(1)𝑐 ← 0
2: 𝑡 ← 1

3: initialize(m(1) , 𝜎 (1) )
4: while !stop do
5: for 𝑖 = 1 to 𝜆 do
6: generate d(𝑡 )

𝑖
∼ 𝛿𝑡

ℎ
(see (15))

7: x(𝑡 )
𝑖

= m(𝑡 ) + 𝜎 (𝑡 )d(𝑡 )
𝑖

8: end for
9: evaluate (𝑋 (𝑡 ) )
10: sort (𝑋 (𝑡 ) ) according to fitness

11: reorder (𝐷 (𝑡 ) ) according to (𝑋 (𝑡 ) )
12: ∆(𝑡 ) ← ∑𝜇

𝑖=1
𝑤𝑖d

(𝑡 )
𝑖

13: m(𝑡+1) ← m(𝑡 ) + 𝜎 (𝑡 )∆(𝑡 )
14: p(𝑡+1)𝑐 ← (1 − 𝑐𝑐 )p(𝑡 )𝑐 +

√︁
𝜇
eff
𝑐𝑐 (2 − 𝑐𝑐 ) · ∆(𝑡 )

15: store

{
d(𝑡 )
1

, . . . , d(𝑡 )𝜇 , p(𝑡 )𝑐

}
into archive

16: 𝜎 (𝑡+1) ← update (𝜎 (𝑡 ) )
17: 𝑡 ← 𝑡 + 1
18: end while

Figure 2: Outline of the matrix-free CMA-ES (MF-CMA-ES)

MF-CMA-ES does not need matrix decomposition. To generate

a population, it requires drawing 𝜆(𝜇 + 1)ℎ + 𝜆𝑛 samples from the

standard normal distribution, as can be seen in formula (15).

4 COMPARISON OF MATRIX-BASED AND
MATRIX-FREE CMA-ES WITHOUT
STEP-SIZE ADAPTATION

In this section, we compare matrix-based and matrix-free covari-

ance matrix adaptation rule, therefore, we turn off the step-size

adaptation procedure, setting 𝜎 = 1 in all iterations of both com-

pared algorithms. The parameters of both algorithms are set to

values recommended in [7], with two exceptions: the weights were

equal to 1/𝜇 and the population size was 𝜆 = 4𝑛, following [3]. For

the comparison we use the quadratic fitness function [8]:

𝑞(x) =
𝑛∑︁
𝑖=1

10
6
𝑖−1
𝑛−1 𝑥2 (16)

4.1 Analysis of the convergence curves
We report the convergence curves of both methods, assuming that

both methods are allowed the same budget of fitness evaluations.

The convergence curves are averaged over 30 independent runs of

compared algorithms. The starting points were randomly generated

with a uniform distribution from the range [−0.2, 0.8]𝑛 . Figure 3
presents the convergence curves for the dimensionality 𝑛 = 30.

In the case of MF-CMA-ES, we report convergence curves for the

following history window sizes: ℎ ∈ {10, 30, 60, 80}.
Depending on the history window size ℎ, the dynamics of MF-

CMA-ES becomes similar or different than of vanilla CMA-ES.

When ℎ is small, the convergence curve initially goes down faster,

but then it stagnates at a certain level. For sufficiently large ℎ, MF-

CMA-ES converges linearly. The convergence is faster than that of

CMA-ES for smaller ℎ. When the history window size grows, the

convergence rate stabilizes at a level that is comparable to the one

of CMA-ES.
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Figure 3: Averaged convergence curves obtained on 30 in-
dependent runs of CMA-ES and MF-CMA-ES with different
history window sizes on function (16).
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4.2 Dynamics of the covariance matrix
eigenvalues

An important feature of CMA-ES is its contour-fitting property.

After a certain stabilization period of the point-generating distri-

bution, the covariance matrix maintained by CMA-ES becomes

proportional to the inverse Hessian of the fitness function.

Following the methodology from [8], in each iteration of both

compared algorithms, we computed the eigenvalues of the empirical

covariance matrix of the generated difference vectors (MF-CMA-ES)

and of the covariance matrix𝐶 (𝑡 ) (vanilla CMA-ES). Figure 4 shows

the dynamics of the eigenvalues from a single run of both methods.

For MF-CMA-ES, we demonstrate two different history window

sizes: ℎ = 60 and ℎ = 10. The dimension was set to 𝑛 = 30.

The eigenvalues dynamics for the vanilla CMA-ES and the MF-

CMA-ES with ℎ = 60 are similar, indicating that both methods

generate comparable point distributions.

For ℎ = 10, the algorithm fails to capture the desired eigenvalues

dynamics. The high condition number of the covariance matrix sug-

gests that the population is confined to a low-dimensional subspace,

which becomes a fundamental obstacle to reaching the optimum

and explains the poor convergence observed for ℎ = 10.

5 MATRIX-FREE CMA-ES WITH STEP-SIZE
ADAPTATION

For CMA-ES it has been observed that coupling the covariance

matrix adaptation procedure with an additional step-size adapta-

tion mechanism can significantly improve the global optimization

efficiency of the algorithm. A Cumulative Step Adaptation (CSA)

rule [6] is an efficient and widely accepted method to address this

problem. Unfortunately, the matrix-free CMA-ES cannot be cou-

pled with CSA, as CSA requires the eigendecomposition of the

covariance matrix to compute its inverse square root. Therefore,

we decided to use the Previous Population Midpoint Fitness (PPMF)

method [17] to control the step size in the matrix-free CMA-ES.

5.1 Cumulative Step Adaptation (CSA)
The CSA procedure (Figure 5) analyzes the set of z(𝑡 )

𝑖
vectors that

are ordered in the same sequence as their corresponding points x(𝑡 )
𝑖

that are sorted with respect to their fitness. The procedure tracks

the value of the vector p(𝑡 )𝜎 , which is changed in each iteration by

accumulating the mean value of 𝜇 vectors z(𝑡 )
𝑖

corresponding to

the 𝜇 best individuals generated in the current generation. If the

fitness function is flat, a random walk of the population midpoint

will be observed, and the norm of p𝜎 will be 𝜒 distributed with

𝑛 degrees of freedom. Then the expectation of the logarithm of

step-size change will be zero. When the midpoint m𝑡
is located in

a significant distance from the local optimum, consecutive shifts

of the midpoint will be positively correlated, which will increase

| |p𝜎 | | and the step size will also increase. Contrarily, if the midpoint

m𝑡
is located close to the minimum, then, on the average, shorter

difference vectors will be correlated with better-fit points. In effect,

| |p𝜎 | | and the step size will be decreased.
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Figure 4: Dynamics of eigenvalues for the vanilla CMA-ES
(a) and for the MF-CMA-ES with the window size ℎ = 60 (b)
and ℎ = 10 (c)
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1: ∆(𝑡 )𝜎 ← ∑𝜇

𝑖=1
𝑤𝑖z
(𝑡 )
𝑖

2: p(𝑡+1)𝜎 ← (1 − 𝑐𝜎 )p(𝑡 )𝜎 +
√︁
𝜇𝑐𝜎 (2 − 𝑐𝜎 ) · ∆(𝑡 )𝜎

3: 𝜎 (𝑡+1) ← 𝜎 (𝑡 ) exp
(
𝑐𝜎
𝑑𝜎

(
∥p(𝑡+1)𝜎 ∥

𝐸 ∥𝑁 (0,I) ∥ − 1
))

Figure 5: Outline of the Cumulative Step Adaptation (CSA)

5.2 Previous Point Midpoint Fitness (PPMF)
PPMF is an alternative step-size adaptation method inspired by

the one-fifth rule. Pseudocode of the method is given in Figure

6. In each iteration, fitness of the previous population midpoint

is evaluated by the fitness function denoted as 𝑞 : R𝑛 → R. The
fitness of the points of the current population is compared to the

fitness of the previous population midpoint. If the number of points

superior to the midpoint is a small percentage of the whole popula-

tion then the step-size is reduced. The step-size is increased when

the proportion of superior points exceeds a threshold value 𝜃 , a

PPMF hyperparameter. According to the results reported in [17],

the method achieves good efficiency with 𝜃 = 0.2. We used this

value as is, without any further hyperparameter tuning.

1: m(𝑡−1) ← 1

𝜆

∑𝜆
𝑖=1 X(𝑡−1)

𝑖

2: evaluate (m𝑡−1)
3: 𝑝
(𝑡 )
𝑠 ←

���{𝑖 : 𝑞(x𝑡𝑖 ) < 𝑞(m(𝑡−1) )}
��� /𝜆

4: 𝜎 (𝑡+1) ← 𝜎 (𝑡 ) exp
(
1

𝑑𝜎
· 𝑝
(𝑡 )
𝑠 −𝜃
1−𝜃

)
Figure 6: Outline of the Previous PopulationMidpoint Fitness
(PPMF) step-size adaptation

5.3 Benchmarking matrix-free and
matrix-based CMA-ES with step-size
adaptation

We evaluated the efficiency of the newly introduced MF-CMA-ES

algorithm using the CEC’2017 benchmark suite [2]. In line with

the CEC’2017 benchmarking guidelines, 51 independent runs were

conducted for each optimization problem. For each run, the fitness

evaluation budget was set to MaxFEs = 10000𝑛.

In the experiments, MF-CMA-ES was coupled with the PPMF

step size adaptation method. For comparison, we used two versions

of vanilla CMA-ES, coupled with either CSA or PPMF step-size

control. In all optimization problems from the CEC’2017 suite, all

common parameters of considered algorithms were set to identical

values.

The history window size depended on the dimension number

according to the formula ℎ = 20 + 1.4𝑛. We derived this heuristic

by determining, for each value of 𝑛, the smallest values of ℎ that

resulted in the convergence rate of MF-CMA-ES similar to that of

vanilla CMA-ES on the function (16), assuming constant 𝜎 for both

methods.

Tables 1 – 3 present the summary of results obtained for each

problem from the CEC’2017 suite. The results show the error, i.e. the

difference between the solution objective function value yielded

by the algorithm and the objective function value at the global

optimum. For each optimization problem, the mean and standard

deviation of 51 smallest error values achieved in each run after

exceeding the fitness evaluation budget are reported.

To compare the optimization algorithms, we used statistical tests

recommended by [4]. First, we applied the Quade test to determine

whether a significant performance difference existed between at

least one pair of algorithms. The p-values of the null hypothesis

were equal 0.0003 for 𝑛 = 10, 0.08 for 𝑛 = 30, and 0.008 for 𝑛 = 50.

Hence, for 𝑛 = 30, the null hypothesis cannot be rejected, indicating

no significant difference between the algorithms.

The Quade test provides insights into the ranking of the com-

pared methods. Based on this ranking, in 𝑛 = 10 dimensions, MF-

CMA-ES outperformed both versions of matrix-based CMA-ES.

However, for 𝑛 = 50, CMA-ES-CSA was superior to MF-CMA-ES,

while MF-CMA-ES outperformed CMA-ES-PPMF.

Next, we compared MF-CMA-ES with best-performing CMA-ES

variant and analyzed the Holm-corrected p-values. The results were

produced using the software provided by the authors of [5]. The

Holm-corrected p-values were 0.034 for 𝑛 = 10 and 0.013 for 𝑛 = 50.

Assuming a significance level of 𝛼 = 0.05, the null hypothesis was

rejected for 𝑛 = 10, indicating the superiority of MF-CMA-ES, and

for 𝑛 = 50 indicating the superiority of CMA-ES-CSA.
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Figure 7: ECDF curves obtained by MF-CMA-ES (with PPMF)
and two versions of CMA-ES (with CSA and PPMF) for
CEC’2017 optimization problems in 10 dimensions
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To facilitate a more detailed comparison between algorithms,

we analyze their dynamics using Empirical Cumulative Distribu-

tion Functions (ECDFs) as described in [9]. For each problem and

dimension, we establish a logarithmic scale of target precision val-

ues spanning the range of best and worst results achieved by any

algorithm. This scale is defined with a ratio of 10
0.2

between neigh-

boring values. Then, for each method and at every percentage of the

maximum function evaluations (MaxFEs), we compute the average

percentage of fitness levels achieved across all independent runs.

This yields a non-decreasing ECDF curve for each method on each

problem, providing a measure of its efficiency. These curves are

presented in Figures 7 and 8.

From the ECDF curves, we observe that the dynamics of all

compared algorithms were similar in many cases. In some cases

(e.g. F1 in 𝑛 = 10, 30) the final results were of a comparable quality

for all methods, but MF-CMA-ES converged faster. Only in one case

(F22, 𝑛 = 50) the CMA-ES-PPMF significantly outperformed MF-

CMA-ES. We conclude that MF-CMA-ES should be preferred over

CMA-ES-PPMF, especially when the budget for fitness evaluations

is smaller than that assumed in CEC’2017.

6 CONCLUDING REMARKS
We introduced MF-CMA-ES, a matrix-free version of CMA-ES that

eliminates the use of covariance matrix for generating new indi-

viduals. This work provides a fresh perspective on CMA-ES by

demonstrating that the covariance matrix adaptation process can

be performed implicitly. MF-CMA-ES generates new individuals

through a weighted combination of points from the archive of previ-

ous generations. The proposed method preserves the distributional

properties of the original CMA-ES.

The differences between convergence dynamics of MF-CMA-ES

and CMA-ES for the quadratic fitness function were very small

when the step-size adaptation was turned off. It is likely that these

subtle differences are amplified when the step-size adaptation is

enabled, which may lead to discrepancies in the quality of results be-

tween matrix-free and matrix-based CMA-ES during the CEC’2017

benchmarking procedure. Overall, MF-CMA-ES typically performed

at least as well as CMA-ES-PPMF.

The formula (15) implies that the influence of the archive vectors

decays exponentially over time. We plan to explore alternative

formulations to express this influence. Specifically, a linear weight

decay scheme will be considered, which could allow for smaller

history window sizes, ultimately reducing both time and memory

complexity.

We also plan to improve the code efficiency of MF-CMA-ES to

fully leverage its vector-based form.

IMPLEMENTATION NOTE
All experiments presented in this paper were conducted using the

R programming language. We used the cma-es package [15] to

simulate the matrix-based CMA-ES. The source code of MF-CMA-

ES and PPMF was developed by modifying the cma-es package.

Unless otherwise noted, we used the default parameter values from

the cma-es package for all tested matrix-based and matrix-free

CMA-ES versions. The source code to reproduce all the results

is available at https://github.com/AdamStelmaszczyk/mf-cma-es.
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Figure 8: ECDF curves obtained by MF-CMA-ES (with PPMF)
and two versions of CMA-ES (with CSA and PPMF) for
CEC’2017 optimization problems in 30 dimensions (a) and
50 dimensions (b).
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F. MF-CMA-ES CMA-ES-CSA CMA-ES-PPMF

Mean Std Mean Std Mean Std

1 0.0e+00 0.0e+00 0.0e+00 0.0e+00 0.0e+00 0.0e+00
2 0.0e+00 0.0e+00 2.1e-06 1.5e-06 8.8e+09 6.3e+10

3 0.0e+00 0.0e+00 0.0e+00 0.0e+00 0.0e+00 0.0e+00
4 0.0e+00 0.0e+00 0.0e+00 0.0e+00 0.0e+00 0.0e+00
5 4.8e+01 6.4e+00 7.1e+01 7.6e+01 5.5e+01 2.6e+01

6 2.1e+00 1.4e+01 7.5e+01 2.7e+01 1.8e+00 1.2e+01
7 4.5e+01 4.7e+00 2.8e+01 7.5e+01 4.7e+01 5.3e+00

8 3.6e+01 8.7e+00 8.6e+01 5.1e+01 3.6e+01 8.3e+00
9 1.2e-02 6.6e-02 3.4e+03 1.3e+03 8.8e-03 2.7e-02
10 1.5e+03 1.8e+02 1.6e+03 3.7e+02 1.7e+03 2.1e+02

11 9.3e+00 6.7e+00 6.1e+00 7.5e+00 1.0e+01 9.1e+00

12 4.3e+02 2.2e+02 4.4e+02 1.9e+02 4.8e+02 2.4e+02

13 1.3e+01 3.4e+00 8.0e+01 6.6e+01 7.9e+01 8.1e+01

14 2.5e+01 8.7e+00 5.6e+01 1.7e+01 5.0e+01 1.0e+01

15 6.6e+00 1.3e+01 1.0e+02 4.9e+01 4.2e+01 2.1e+01

16 2.3e+02 7.2e+01 3.8e+02 2.7e+02 2.7e+02 8.1e+01

17 1.0e+02 3.9e+01 1.3e+02 1.5e+02 1.0e+02 1.5e+01
18 4.2e+01 3.5e+01 1.3e+02 7.9e+01 1.2e+02 5.1e+01

19 5.1e+01 1.5e+01 3.2e+01 2.0e+01 4.9e+01 1.6e+01

20 1.7e+02 4.6e+01 4.3e+02 1.3e+02 1.8e+02 4.9e+01

21 1.7e+02 3.6e+01 2.5e+02 8.1e+01 1.8e+02 2.6e+01

22 2.3e+02 5.0e+02 1.4e+03 7.0e+02 2.0e+02 4.2e+02
23 4.3e+02 2.0e+02 4.6e+02 1.3e+02 4.2e+02 5.4e+01
24 1.8e+02 8.1e+01 3.1e+02 8.6e+01 2.4e+02 8.5e+01

25 4.3e+02 3.8e+01 4.4e+02 1.2e+01 4.3e+02 2.0e+01
26 2.9e+02 3.4e+01 8.2e+02 8.4e+02 2.9e+02 3.8e+01
27 4.7e+02 1.6e+01 4.2e+02 7.6e+01 4.8e+02 1.7e+01

28 4.6e+02 1.4e+02 5.4e+02 1.3e+02 4.7e+02 1.4e+02

29 4.0e+02 3.4e+01 3.9e+02 1.6e+02 4.1e+02 3.7e+01

30 4.9e+05 8.8e+05 4.1e+05 5.2e+05 1.2e+06 1.4e+06

Table 1: Statistics of results obtained by MF-CMA-ES (with
PPMF) and two versions of CMA-ES (with CSA and PPMF)
for CEC’2017 optimization problems in 10 dimensions after
spending the budget of 10000𝑛 fitness evaluations.

Benchmarking results provided in section 5.3 were obtained using

the CEC’2017 implementation in R [16].

F. MF-CMA-ES CMA-ES-CSA CMA-ES-PPMF

Mean Std Mean Std Mean Std

1 0.0e+00 0.0e+00 0.0e+00 0.0e+00 0.0e+00 0.0e+00
2 4.1e+46 2.9e+47 8.0e-07 6.0e-07 3.1e+44 1.8e+45

3 0.0e+00 0.0e+00 0.0e+00 0.0e+00 0.0e+00 0.0e+00
4 1.8e+01 2.7e+01 5.5e+01 1.4e+01 1.4e+01 2.4e+01
5 5.5e+01 1.3e+02 3.1e+01 1.1e+02 3.3e+01 7.5e+01

6 1.1e+01 2.7e+01 6.2e+01 3.3e+01 7.0e+00 2.2e+01
7 4.2e+01 2.2e+01 3.6e+01 1.7e+00 4.2e+01 2.4e+01

8 6.1e+01 1.4e+02 2.6e+01 8.7e+01 4.5e+01 1.1e+02

9 1.0e+00 1.1e+00 1.3e+04 3.6e+03 9.8e-01 1.7e+00
10 6.4e+03 1.5e+03 4.0e+03 6.7e+02 6.8e+03 1.5e+03

11 1.3e+02 4.7e+01 3.6e+01 2.9e+01 1.4e+02 4.0e+01

12 1.5e+03 5.1e+02 1.1e+03 4.3e+02 1.4e+03 4.0e+02

13 1.6e+03 7.4e+02 3.8e+02 2.0e+02 2.1e+03 7.8e+02

14 1.4e+02 4.7e+01 1.2e+02 3.5e+01 1.3e+02 3.3e+01

15 2.1e+02 9.4e+01 3.4e+02 8.9e+01 3.8e+02 1.6e+02

16 1.7e+03 3.0e+02 2.1e+02 1.8e+02 1.8e+03 2.9e+02

17 5.8e+02 1.0e+02 8.1e+01 1.3e+02 5.7e+02 1.4e+02

18 1.5e+02 6.3e+01 2.5e+02 8.5e+01 2.3e+02 8.8e+01

19 1.1e+02 3.7e+01 1.2e+02 4.7e+01 1.3e+02 4.4e+01

20 8.1e+02 2.1e+02 1.2e+03 2.9e+02 8.9e+02 2.2e+02

21 2.4e+02 7.6e+01 2.2e+02 4.1e+01 2.3e+02 1.2e+01

22 4.2e+02 1.3e+03 4.1e+03 1.7e+03 1.1e+03 2.3e+03

23 1.1e+03 1.0e+02 3.8e+02 1.6e+02 1.1e+03 1.1e+02

24 4.4e+02 1.5e+01 4.2e+02 6.3e+00 4.3e+02 3.7e+01

25 3.9e+02 7.8e+00 3.9e+02 1.2e-02 3.9e+02 1.5e+01
26 6.2e+02 5.2e+02 7.2e+02 2.9e+02 9.1e+02 8.6e+02

27 1.3e+03 9.4e+01 5.1e+02 9.4e+00 1.4e+03 1.0e+02

28 3.2e+02 4.1e+01 3.3e+02 5.0e+01 3.2e+02 4.1e+01
29 1.7e+03 2.6e+02 4.5e+02 6.5e+01 1.7e+03 2.3e+02

30 2.1e+03 9.6e+01 2.2e+03 1.5e+02 2.5e+03 2.2e+02

Table 2: Statistics of results obtained by MF-CMA-ES (with
PPMF) and two versions of CMA-ES (with CSA and PPMF)
for CEC’2017 optimization problems in 30 dimensions after
spending the budget of 10000𝑛 fitness evaluations.
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F. MF-CMA-ES CMA-ES-CSA CMA-ES-PPMF

Mean Std Mean Std Mean Std

1 0.0e+00 0.0e+00 0.0e+00 0.0e+00 2.0e+03 2.9e+03

2 3.4e+75 2.4e+76 7.3e+79 5.1e+80 4.8e+81 3.5e+82

3 0.0e+00 0.0e+00 0.0e+00 0.0e+00 0.0e+00 0.0e+00
4 6.6e+01 4.6e+01 9.5e+01 4.0e+01 5.2e+01 4.6e+01
5 2.2e+02 4.0e+02 9.9e+00 2.7e+00 8.8e+01 1.7e+02

6 2.2e+01 3.6e+01 3.1e+01 3.9e+01 1.1e+01 2.4e+01
7 6.5e+01 8.3e+00 6.0e+01 1.6e+00 6.5e+01 8.0e+00

8 8.8e+01 1.8e+02 1.0e+01 2.3e+00 1.4e+02 2.8e+02

9 1.2e+01 1.9e+01 2.6e+04 1.1e+04 1.3e+01 1.7e+01

10 6.8e+03 1.9e+03 5.1e+03 1.8e+03 7.1e+03 2.1e+03

11 1.8e+02 4.8e+01 4.5e+01 1.7e+01 1.9e+02 5.2e+01

12 1.2e+04 2.7e+04 2.2e+03 5.5e+02 3.0e+03 6.5e+02

13 3.0e+03 1.6e+03 6.1e+02 2.2e+02 3.9e+03 8.7e+02

14 2.1e+02 4.5e+01 1.9e+02 3.6e+01 2.1e+02 4.8e+01

15 4.9e+02 2.5e+02 6.4e+02 1.1e+02 5.8e+02 1.6e+02

16 1.2e+03 5.0e+02 3.2e+02 1.8e+02 1.1e+03 4.4e+02

17 1.6e+03 4.1e+02 2.4e+02 1.1e+02 1.7e+03 4.0e+02

18 2.8e+02 9.7e+01 3.7e+02 9.1e+01 3.3e+02 1.0e+02

19 2.8e+03 1.4e+04 9.6e+01 2.4e+01 1.2e+02 3.3e+01

20 1.8e+03 4.6e+02 1.7e+03 7.1e+02 1.7e+03 3.9e+02
21 3.3e+02 3.1e+02 2.1e+02 3.2e+00 3.0e+02 2.2e+02

22 3.5e+03 4.3e+03 5.6e+03 2.3e+03 2.3e+03 3.7e+03
23 2.0e+03 2.5e+02 4.3e+02 1.1e+01 1.9e+03 1.5e+02

24 5.4e+02 3.4e+01 4.9e+02 6.3e+00 5.4e+02 3.2e+01

25 5.5e+02 3.5e+01 4.8e+02 1.6e+01 5.5e+02 4.3e+01

26 2.3e+03 1.9e+03 8.6e+02 1.2e+02 2.2e+03 2.2e+03

27 3.3e+03 2.5e+02 5.2e+02 1.1e+01 3.3e+03 2.3e+02

28 4.9e+02 1.9e+01 4.8e+02 2.5e+01 5.0e+02 3.0e+01

29 2.4e+03 1.2e+03 4.5e+02 1.6e+02 2.2e+03 1.2e+03

30 6.7e+05 7.8e+04 6.2e+05 4.3e+04 6.7e+05 5.6e+04

Table 3: Statistics of results obtained by MF-CMA-ES (with
PPMF) and two versions of CMA-ES (with CSA and PPMF)
for CEC’2017 optimization problems in 50 dimensions after
spending the budget of 10000𝑛 fitness evaluations.
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